This paper answers a query of S. Vincze (Acta Univ. Szeged, Sect. Sci. Math. 12 A (1950) 136-142): find the convex octagon with unit-length sides and minimum diameter. It also shows that the solution is -unique. The proof uses geometric arguments and a global optimization algorithm to solve a nonconvex quadratic program.
Introduction
Let us call n-gon a convex polygon with n sides of unit length, and denote it by U n . The diameter of a polygon is the largest distance between any pair of its points or, in other words, the length of the longest diagonal (or straight-line segment joining 2 vertices) of that polygon. For a given integer n, let ∆ n denote the minimal diameter over all n-gons U n . A diameter of a polygon U n also denotes a diagonal of U n whose length is equal to the diameter of U n .
In 1950, Vincze [10] studied the problem of finding or bounding ∆ n for all n (see also Reinhardt [7] as well as Larman and Tamvakis [6] for results similar to those of Vincze or closely related problems). It is easy to see that for n = 3, 4 and 5, ∆ n is equal to the largest length of a diagonal of the regular n-gon. However, Bateman and Erdös [3] observed that this is no more the case for n = 6, as the minimum diameter hexagon has alternatively angles of . Vincze's main result is that ∆ n is bounded below by the largest length of a diagonal of the regular 2n-gon U 2n . Moreover, this bound is attained for all n which have at least one odd prime factor. This amounts to the following theorem.
Theorem 1 (Theorems 1 and 2 of [10] .)
with equality if n = (2k + 1)2 s for some nonnegative integers k ≥ 1 and s.
A straightforward upper bound follows from the fact that ∆ n cannot exceed the largest length of a diagonal of the regular n-gon, i.e.,
So the only remaining open cases are for n = 2 s , with s ≥ 3. For the first such case, i.e., n = 8, Vincze presents an octagon (for which he gives credit to his wife) with a diameter of 2.588 . . . which lies between the bounds (1) and (2) . He conjectures that some irregular n-gons satisfy (2) with strict inequality for higher values of s.
In this work, we determine ∆ 8 = 2.5843054 . . . . This proves that Vincze's wife's octagon is suboptimal. The optimal octagon is obtained by solving a nonlinear equation with one unknown. The proof uses a result of Vincze, i.e., that any vertex of an optimal n-gon must be an endpoint of at least one diameter. In section 2, we use that result as well as other geometrical considerations to eliminate many nonoptimal diameter configurations. This leads to the observation that the optimal configuration is such that all 4 pairs of opposite vertices are joined by diameters. In section 3, we present the optimal octagon and prove its optimality by formulating the problem of finding ∆ 8 as a nonconvex quadratic program with nonconvex quadratic constraints. This program is solved by using a streamlined code for the global optimization algorithm of Audet et al. [1] . The exactness of the seven decimals of ∆ 8 is guaranteed by the algorithm. Note that this tool, together with a proof technique of Graham [5] , was recently used, with a much larger computing time, to find the largest small octagon [2] , i.e., the octagon with unit diameter and largest area. We also show in section 3 that the optimal octagon is unique outside a small neighborhood containing the optimal solution.
Necessary optimality conditions
We first study properties of the set D 8 of diameters of an optimal 8-gon U * 8 , i.e., an 8-gon with minimal diameter. Let v 1 , v 2 , v 3 , v 4 , v 5 , v 6 , v 7 and v 8 denote its vertices, in clockwise order. The following result will be useful.
Theorem 2 (Theorem 5 of [10] .) A necessary condition for a polygon U n to have minimum diameter is that each vertex should have another vertex at a distance equal to the diameter.
Combining this result with the lower bound ∆ 8 > 2.56 from (1), one gets that the diameter of U * 8 cannot join vertices at distance 1 or 2 along its boundary. This leads to the following property:
Proposition 1 For any k ∈ {1, 2, . . . , 8}, the three diagonals v k v k+3 , v k v k+4 and v k+2 v k+7 , sums being taken modulo 8, cannot be simultaneously diameters in an optimal octagon.
Proof. Take ; moreover, as 2.56 < ∆ 8 < 2.62 (from (1) and (2) with 0.45 < x 8 ≤ 1 < 1.36 < x 3 , and together with the hypothesis that v 3 v 8 is a diameter, one gets 2.56
Expanding this last inequality leads to 45x 2 3 + 30.822x 3 − 117.611231 < 0 which implies that x 3 < 1.3101, a contradiction.
The next series of lemmas give increasing information on the optimal diameter set D 8 , and lead to Theorem 3. . This contradicts Proposition 1 with k = 1 (see Figure 3 ). Figure 4 ). Figure 5 ). 
The optimal octagon
This section contains three main results. First, we present a diameter set that leads to an octagon with smaller diameter than the one proposed by Vincze. Second, we use a nonconvex quadratic programming algorithm to show that this octagon is optimal. Third, we prove that the solution is -unique.
Vincze's wife's octagon is suboptimal
The following proposes an octagon with a diameter less than that of [10] . Proof. An octagon with diameter set as in the statement of the result is depicted in Figure 6 . Observe that due to the unit length of the sides, v 2 and v 8 as well as v 4 and v 6 are symmetrical around the abscissa axis and consequently v 3 v 7 is vertical. Moreover, the coordinates of all vertices depend only on the diameter d. This leads to easy numerical solution.
Proposition 2 There is only one octagon with
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Combining (3) with (
− y 4 2 = 1 leads to
Combining (
Solving for y 2 and substituting for x 4 and y 4 using (3) yields, after simplifications,
and
Then, as edge v 2 v 3 has unit length
which, after substituting for x 2 , y 2 and x 3 using (6) (5) and (4) Figure 6 , improves upon Vincze's upper bound of 2.588 . . . , for which the diameter set is represented in Figure 7 . This result shows that Vincze's octagon is suboptimal. By observing both figures, one may note that both solutions satisfy necessary optimality condition of Theorem 3 and also that the diameter set of both octagons is similar: the set D 8 of the octagon of Figure 7 is strictly included in the diameter set of Figure 6 , but Vincze assumed an axis of symmetry.
The octagon of Proposition 2, illustrated in
Axis of symmetry 
Optimality proof
We now use mathematical programming tools to show that the octagon of Proposition 2 is indeed optimal.
Theorem 4
The minimum diameter of a convex octagon with unit sides is
Its vertices are given (up to translation and rotation) by Proof. Using Theorem 3 and Proposition 2, the problem of finding the minimal diameter octagon with unit-length sides can be expressed by the following nonconvex quadratic program with nonconvex quadratic constraints: One can show that the optimal value of the quadratic program (8) exceeds 2.5843054 (see section 3.3 for algorithmic details). Therefore, the optimal octagon is that of Theorem 4 and corresponds to the one found in the proof of Proposition 2 (see Figure 6 for an illustration of that octagon). The minimum diameter of the convex octagon with unit sides is thus ∆ 8 = 2.5843054 . . . .
The next section gives a brief description of the nonconvex quadratic programming algorithm and strategies used to solve the quadratic problem (8).
Solving a quadratic programming problem
Quadratic programming problems may be solved using the branch and cut algorithm of Audet et al. [1] , which provides in finite time a globally optimal solution (within given feasibility and optimality tolerances). The basic idea of this algorithm is to estimate all quadratic terms by successive linearizations, or outer approximations, within an enumeration tree using Reformulation-Linearization Techniques (see, e.g., [1, 8, 9] ). The essential idea of these techniques is to replace each quadratic term x 2 i appearing in the quadratic program by a linear one v i and each bilinear term x i x j by a linear one w ij . Then the linear terms are constrained to make sure that v i approximates x 2 i and w ij approximates x i x j . At the root of the enumeration tree, an intensive pre-processing phase is performed to tighten as much as possible the bounds on each variable. Then, the algorithm recursively branches on the variables involved in quadratic terms. At each node of the enumeration tree, it identifies the variable x i for which the error max{η i |x 2 i − v i |, η ij |x i x j − w ij | : i = j} is the largest, where the η i and η ij are nonnegative weights that increase with the number of quadratic terms that contain the variable x i . The branching process creates two subproblems: one in which x i ≤ α i and another in which x i ≥ α i for a carefully chosen value of α i . The algorithm stops when an optimal solution (within given feasibility and optimality tolerances) is found. The solution is said to be feasible within a given tolerance r > 0 if each quadratic term is approximated within r , i.e., if |x 2 i − v i | < r and |x i x j − w ij | < r for all i and j. A r -feasible solution is said to be optimal within a given optimality tolerance z > 0, if the difference between the optimal value of the relaxation and the value of the solution is not more than z .
However, before solving (8), we can accelerate solution by modifying the set of constraints to reduce the size of the feasible region by eliminating equivalent solutions up to symmetry. We can assume, without loss of generality, the order relations on the abscissa of vertices due to the choice of abscissa axis by adding the following four For * = 0, the above definition reduces to the standard definition of unicity. We now show that there are no other optimal octagons at an Euclidean distance exceeding 0.0123 of our proposed optimal octagon. 
Discussion
We found the convex octagon with unit-length sides and minimum diameter up to seven decimals, illustrated in Figure 6 . We have also showed that there is no other optimal octagon outside a ball of radius 0.0123. Results with a better numerical precision could obviously be obtained by reducing the tolerance parameters of the nonconvex quadratic programming algorithm ( z and r ). However, our current version of the algorithm together with ilog cplex 8.1 can not handle a lower tolerance.
As a final note, observe that Theorem 4 allows to improve the upper bound of 2.588 . . . given by Bezdek and Fodor [4] on the minimum diameter configuration of nine points in the Euclidean plane, pairwise distant by at least one unit. Indeed, one can add an additional point inside the octagon of Theorem 4 to obtain a feasible configuration which has a diameter of 2.5843054 . . . .
